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Abstract—In this work, we consider the Schrodinger-
Poisson equations with the fractional Laplacian of order o
in RY. Under some suitable assumptions on potential V()
and the nonlinear term f(z,u), the existence of multiple
solutions is proved by using the Mountain Pass Theorem and
the Ekelands variational principle in critical point theory. As
a special case, we prove the existence of two nontrivial radial
solutions when V (z) = 1, f(z,u) = [u|"?u .
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I. INTRODUCTION

In this paper, we are concerned with the following
fractional Schrodinger-Poissson equation

(=A)u + V(2)u + pu = f(z,u) + h(z), xRV,
(—A)%¢ = Kqu?, x € RN,
(1.1)

where o € (0,1), K, = LRNC) , (—A)e

m=(3-20)/21((3—20a) /2)
stands for the fractional Laplacian, u, ¢ : RV — R, f :
RY xR — R.

F((=A)*w)(€) = [ F(w) (&), Vae(0,1),

where F is the Fourier transform, i.e.,

1

F@)©) = —g [ capl-2mit - a}da.
(2#)7 RN

If w is smooth enough, (—A)“ can be computed by

w(y)

w o — gParN

(—A)w() = enopV. [ 2E=

where P.V. is the principal value and cy , is a normaliza-
tion constant which depends on N and «, precisely given
by ena = (Jpn jgegsade)”

A basic motivation of the study of system (1.1)
comes from standing wave solutions with the type of
Y(x,t) = exp(—ict)u(z) for the time-dependent frac-
tional Schréodinger equation
.0y
1 ot +
where ¢ is the imaginary unit.

When a = 1, (1.1) becomes the classical Schrédinger-
Poisson equation

(=) +(V(z)—c)p = f(x,¢)+h(x), inRY,

—Au+V(z)u+ ou= f(z,u), xRV,
—A¢p = u? z € RN, (1.2)
978-1-5386-7445-1/18/$31.00 ©2018 IEEE

DOI 10.1109/DCABES.2018.00092

335

Decai Sun
School of Management and Economics

North China University of Water Resources and Electric Power

Zhengzhou, Henan, P.R.China
455498218@qgq.com

In the past decade, the existence and multiplicity of
standing wave solutions of (1.2) have been widely inves-
tigated, we refer the readers to [1], [2], [3], [11] and the
references therein. For fractional Schrodinger equations

(=A)*u+V()u= f(z,u), ze€Q, (1.3)

where o € (0,1) and Q is a domain of R™. When €
is a bounded domain, Nyamoradi [15] studied a class of
Kirchhoff nonlocal fractional equation and obtained three
solutions by using three critical point theorem. [12] studied
a class of nonlocal fractional Laplacian equations depend-
ing on two real parameters and obtained the existence of
three weak solutions. For more related results, we refer
the readers to [13], [14] and the references therein.

When V (z) = 1, Dipierro et al. [4] proved the existence
and symmetry of the solutions with f(z,u) = |ulP~2u,
and in [10], Felmer et al. obtained the existence, regularity
and qualitative properties of ground states of problem
(1.3), and the result has been extended in any dimension
when « is sufficiently close to 1 by Fall et al. [5].

In particular, let V(x) = 1 and f(z,u) = |u[P~2u, the
problem (1.1) will be reduced to

{ (=A)u +u + ¢u = [ulP"2u + h(z), z € RN,
(1.4)

(=A)*¢p = K u?, z € RV,
In this paper, we mainly consider the problem (1.1) in RY.
By combining the Mountain Pass theorem and the Ekeland
variational principle, we obtain the existence of the two
nontrivial solutions for problem (1.1). As a special case,
we prove the existence of two nontrivial radial solutions
for the problem (1.4).

II. PRELIMINARIES

In order to obtain multiple solutions for problem (1.1),
we assume that V(z) and f(x,u) satisfy the following
hypotheses

(v1) V € C(RN R) satisfies irﬁ{fN V(z) > a1 > 0,
where a; > 0 is a constant. Morwegver, for any M > 0,
meas{z € RN : V(x) < M} < oo, where meas denotes
the Lebesgue measure in RV,

(f1) f € C(RY xR, R), and there exist 2 < p < 2%

N2_A;a and constant ¢; > 0 such that

|f(x,u)| < Cl(l + ‘u‘p71)7

VeeRY, uekR.



(f2) @ — 0, as u — 0 uniformly for z € R,
(f3) There exist 1 > 4 such that pF'(z,u) < uf(z,u),
where F(z,u) = [ f(z,s)ds.

inf  F(z,u) > 0.
(fa) L (z,u)

In view of the potential V' (x), we consider the space
E= {u € HO‘(RN)‘ [(=A) 2 u?+V (2)ulde < oo}
]RN
E' is a Hilbert space with the inner product

(w)e = [ (€Ra((e) + ale)i(e))de

+/]1;N V(z)u(z)v(z)dz, Yu, veE E.

and the norm

lulle = ([ e+ )i+ [ viniar)”

is equivalent to the following norm

full = ([ G+ [ vty

The corresponding norm is

o) = [ (=4)

In this paper, we will use the norm || - || in E.
Lemma 2.1 ([7]) For 1 < p < ooand 0 < a < %, we
have

NI

u(—A)2v+V (z)uvdr), Yu, v € E.

Jull o < BI(-2)ull, (2.1)

2Je

. . _ 9—a_ =2 T(*z%) ( r(Y)
with best constant B = 2712 F(%) (F(%)

Lemma 2.2. For every u € H®(RY) there exists a unique
é = ¢ € D*(RN) which solves the equation (—A)*¢p =
Kyu?, x € RN, Furthermore, ¢, is given by

bu = /RN lz — y**2u? (y)dy. (2.2)

The mapping ® : v € H*(RY) — ¢, € D and

B0 =2 [ Je-y Sueds, Yo  HORY).
RN
(2.3)
Lemma 2.3. Assume that a sequence {u,} C E, u, —
u, in E, as n — oo and {u,} be a bounded sequence.
Then

‘ / (Gupttn — Gut) (up — u)dz| — 0, as n — oco.
RN
(2.4)

Throughout the paper, L"(RY) = {u : RY — R :
uis measurable and [, |u|” dz < oo} with the norm
|lul|, = (fRN |u|" dz) " and C is various positive generic
constants, which may vary from line to line. Also if we
take a subsequence of a sequence {u,} we shall denote
it as {u, } again.

III. CONCLUSION

System (1.1) is the Euler-Lagrange equations corre-
sponding to the functional J : H*(RM) x D*(RY) — R
J(u, )

3 L (e [

F@mm—/

RN

Viap? - 1I(-2) TP

+Ka¢u2)d$— h(z)udz. (3.1)
RN

By Lemma 1 in [8] and (2.2), the function J belongs to

CYH(H*(RN) x D*(RN),R) and the partial derivatives in

(u, @) are given, for £ € H*(RY) and n € D*(RY), we

have

(Grmore) = [ (artu-ayie+ vious

+ Kaqﬁuf)dl‘ - /RN flz,w)édx — /]RN h(z)édz,

(Gworny=3 [ (-2

Thus, we have the following result:

Proposition 3.1. The pair (u,®) is a weak solution of
system (1.1) if and only if it is a critical point of J in
H*(RN) x DY(RN).

We can consider the functional J : H*RY) — R
defined by J(u) = J(u, ¢, ). After multiplying equation
(—A)*¢, = K,u? by ¢, and integration by parts over
RY, we have

[ et =K [ satd
RN RN

By (3.2), the reduced functional takes the form

=5 [ (e

RN
1
+-Kq pyu’de — / F(z,u)dz — / h(x)udz.
4 RN RN RN
(3.3)
Evidently, J is well defined and belongs to C'(E, R) with

the derivative given by
(J'(u),) / (—A)2u(—A) 2 vdx +/
RN RN

+K, /]RN dpuvdr — flz,u)vdr — /

JRN

NP

¢(7A)%17+Kau217)dx.

(3.2)

V(z)u?)dax

V(z)uvdz

h(z)vdz.
(3.4)

It can be proved that (u, ¢) € Ex D*(R") is a solution
of system (1.1) if and only if v € E is a critical point of
the functional J and ¢ = ¢,,.

We consider a minimization of J constrained in a
neighborhood of zero by using the Ekeland’s variational
principle, a critical point of J which achieves the local
minimum of J can be found and the level of this local
minimum is negative. Around the “zero” point, due to the
Mountain Pass Theorem, we can also obtain a critical point
of J and its level is positive. Therefore, the two critical
points must be distinct, since they are in different levels.

RN
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Lemma 3.1. Suppose that (V1), (f1) and (f2) hold,
let h € L2(RYN) hold. Then there exist some constants
py My, mo > 0 such that inf{J(u) : v € E with
lull = p} > n for all ||h]> < my.

Lemma 3.2. Suppose that (V1), (f3) and (f41) hold, then
there exists a function v € E with ||[v|| > p such that
J(v) < 0, where p is given in Lemma 3.1.

Lemma 3.3. Assume that (V1), (f1), (f2) hold and
{un} C E is a bounded Palais-Smale sequence of J, then
{un} has a strongly convergent subsequence in E.

In view of the above discussions, we show the existence
of at least two different solutions of the system (1.1).
Theorem 1. Suppose that h € L?>(RV) and h # 0. Let
(v1) and (f1) — (fs) hold, then there exists a constant
mo > 0 such that the system (1.1) possesses at least two
different solutions when ||h|l2 < my.

Proof. The proof of this theorem is divided into two steps.

Step 1. There exists a function w3 € FE such that
J'(u1) =0 and J(uy) < 0.

For any (z,u) € RN x R, set h(t) = F(z,t~ u)t*,
YVt € [1,+00). By (f3), we have

U
)

R (t) = f(z,t™ u)( ; 4 F(a, t )t !
=" pF(z,t u) —t tuf(z,tu)] <0

(3.5)

which implies that h(t) is nonincreasing. Therefore, for
any |u| > 1, we have h(1) > h(|ul]), that is,

Flo,w) > Pla,Jul " w)lul > cl?,  (3.6)

where co = inf F(x,u) > 0 by (f1). It follows

z€RN ,[|u||=1

from (f2) that there exists @ > 0 such that

Sl e, fw),
Ly Jw)) oy

- (3.7)

forall z € RN and 0 < |u| < a. By (f1), for a.e. v € RV
and « < |u| < 1, there exists M7 > 0 satisfying
’.f(%U)u‘ < ca(ful + fufP~ ful)
u? - u?
Now, from (3.7), (3.8) we have that, for all for a.e. x €
RV and 0 < |u| <1

fla,wu > —(My+ 1)lul.

<M.  (38)

Using the inequality F'(z,u) = fou f(z, s)ds, we have

Flau) >~ (My 4+ Dful’, (3.9)

for a.e. * € RY and 0 < |u| < 1. Taking c3 = %(]Wl +
1) + co, then it follows from (3.6) and (3.9) that

F(x,u) > colul* — c3|ul?, (3.10)

fora.e.z € RY and u € R. Since h € L2(RY) and h # 0,
we can choose a function ¢ € E such that [, h(z)y > 0.
Therefore, we obtain that

t2

a6 =5 [ eatr+ [ view?)

tt 2 .
—|—ZKQ /]RN Oyt dx—/RN F(;mti/))d;v—t/ﬂw h(z)ydx

< SEIWIP + CEII = cat!|[9]]fs + cst? |13

N

- t/ h(x)ydx < 0,
RN
for ¢ > 0 small enough. Hence, we have
c1 =inf{J(u):u € B,} <0,

where p > 0 is given by Lemma 3.1. Ekeland’s variational
principle, there exists a sequence {u,} C Bp such that
cr < J(up) <c+ 2, and J(w) = J(uy) — 2w — uyl|
for all w € Bﬂ . Applying a standard procedure, we can
show that {u,, } is a bounded (PS). sequence of .J. Hence,
there exists a function u; € E such that J'(u;) = 0 and
J(U1) < 0.

Step 2. There exists a function @w; € E such that
J'(u1) = 0and J(up) > 0. By Lemma 3.1, 3.2 and Moun-
tain Pass Theorem, there exists a sequence {u,} C E
such that J(u,) — ¢ > 0,andJ’ (u,) — 0, asn — oco.
It follows from (f3) that

o+ 1+ [funl] = J(un) = 2(J (un), tn)

1
o
11, ., 11 )

= (o= )unlPH(G—)Ka | bu,uld
(= enl™+(G =) /RNcénunl"

+A (lf(xaun)un_F(xfun))dl'i‘(%_l) AN h(:c)undaj

NOp

> (% - %)Hun||2 + /]%N(if(x’un)un = F(z,uy))dx
1
+(;—1) /RN h(z)updz,

for n large enough. Therefore, {u,} is bounded in E,
since v > 4 and ||hl|2 < mo. O

Obviously, the system (1.4) has a variational structure.
Indeed we consider the functional I : H*(RY) — R
defined by

1 o 1
I(u) = 5 /}RN (J(=A) 2 u* + u?)dx + 1K /RN byulde

—1/ |u\pd1:—/ h(z)udx.
D JrN RN
(3.11)

Evidently, I is well defined and belongs to
CY(H*(RVM),R) with the derivative given by

(I'(u),v) :/ (—A)%u(—A)%vdaz—i—/ uvdz
RN RN
JrKa/ ¢>uuvdxf/ \u|p72uvdm7/ h(z)vdz.
RN RN RN
(3.12)

Since system (1.4) is set on RY, it is well known that
the Sobolev embedding H*(RM) < L"(RY) is not
compact for 2 < r < 27, then it is not easy to prove
a minimizing sequence or a Palais-Smale sequence is
strongly convergent if we look for solutions of system
(1.4) via variational methods. In order to overcome the
difficulty, we restrict problem (1.4) in the radial function
space, where functions u = u(r), r = |z|. More precisely
we shall consider I on the space of radial functions

HXRY) :={uec H*RY) :u=u(r), r=|z|}.
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H2(RY) is a natural constraint for I, that is, any critical
points u € HY(RY) of I}HQ (&) is also a critical point
of I. Therefore, It’s reduced to seek critical points of
I |H;><(]R<N )
Lemma 3.4. Assume that h € CYRYN) n L2(RY)
is a radial function. Then there exist some constants
p1, M1, mi > 0 such that inf{I(u) : v € H*RN)
with ||ul|ge = p1} > m for all ||hl|2 < ma.
Lemma 3.5. There exists a function v; € HZ(RN) with
[|v1]| e > p1 such that I(v1) < 0, where py is given in
Lemma 3.4.
Lemma 3.6. Assume that {u,} C H*(RY) is a bounded
Palais-Smale sequence of I, then {u,} has a strongly
convergent subsequence in H*(RYN).
Theorem 2. Suppose that h € C*(RN) N LERY) is a
radial function and h # 0. Let 4 < p < 2}, then there
exists a constant my > 0 such that problem (1.4) possesses
at least two different solutions when ||h||2 < m.
Proof. Step 1, we try to seek a function uy € HZ(RN)
such that I’(ug) = 0 and I(uz) < 0.

Since h € CY(RM) N L2(RV) is a radial function and
h # 0, we can choose a function ¢; € H¥(RY) such that

/RN h(x)1 > 0.

Therefore, we obtain that

2
1) =5 [ (=830l + [ e

tt tror '
tika [ buutdo-" [ pndot [ nie)nds
4 RN p RN RN

t2 tr
< SlaalPCtli =Tl =t | harde <o

RN
for ¢ > 0 small enough. Hence, we have ¢y = inf{I(u) :
u € Bpl} < 0, where p; > 0 is given by Lemma 3.4.
Then by Ekeland’s variational principle, there exists a
sequence {u,} C B, such that

1
CQSI(un)<CQ+ﬁ

and 1
I(w) > () = ~|[w = tnl e

for all w € B,,. It follows from Lemma 3.6 that there
exists a function uy € HY(RY) such that I'(uz) = 0 and
I(’LLQ) < 0.

Step 2. There exists a function 7y € HZ(RY) such
that I'(uz) = 0 and I(uz) > 0. By Lemma 3.4, 3.5 and
Mountain Pass Theorem, there exists a sequence {u,} C
HS(RY) such that I(u,,) — ¢ > 0,1I'(u,) — 0,as n —
oo. From Lemma 3.6, we only need to check that {u,}
is bounded in H¥(RY). By (3.12), 4 < p < 2%, we have

pé? + HunHHﬂ = pI(un) - <I/(un)7un>

P p—4)K,
= (= = D|unl|%a + =Ko / bu, uddz
2 4 RN

—(p-1) /}RN h(z)updzx

p
> (5 = Dllunllize = @ = DIIBlla]lunl 1=,

for n large enough. Therefore, {u,} is bounded in
H*(RN) . O
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